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Abstract. The concept of ‘topological right transversal’ is introduced to study right 
transversals in topological groups. Given any right quasigroup S with a Tychonoff topol¬ 
ogy T, it is proved that there exists a Hausdorff topological group in which S can he 
embedded algebraically and topologically as a right transversal of a subgroup (not nec¬ 
essarily closed). It is also proved that if a topological right transversal {S,Ts,T^,o) is 
such that A = is a locally compact Hausdorff topology on S, then S can be embed¬ 
ded as a right transversal of a closed subgroup in a Hausdorff topological group which 
is universal in some sense. 
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1. Introduction 

The importance of the study of transversals in groups individually and abstractly has 
been explained in Q, H, and ini Every right transversal of a subgroup in a group has 
the structure of a right quasigroup with identity. Conversely, every right quasigroup with 
identity can be embedded as a right transversal into a group which is universal in some 
sense (see Theorem 3.4 of (7)). Transversals in a group have more control on the structure 
of the group than subgroups. For example, there are uncountably many non-Dedekind 
(2-generator infinite simple groups (Theorem 28.7 of ffni ) and (Theorem 28.8 of JiTil )) 
groups all of whose non-trivial proper subgroups are isomorphic, whereas there is no non- 
Dedekind group with all non-trivial proper transversals isomorphic (as right quasigroups) 

nn. 

The abstract description of right transversals of a closed subgroup in a topological 
group is a difficult problem and needs more serious thought. In this paper, we make an 
attempt in this direction. 


2. Right transversals in topological groups 

Let 5 be a right transversal of a closed subgroup H in a Hausdorff topological group G. 
Algebraically, 5 is a right quasigroup with identity (the right quasigroup structure o on 5 
is defined by {x oy} = Hxy fl S). Let (S) denote the subgroup of G generated by S and Hs 
denote the subgroup (S) ClH. Then Hs = ({xy(xoy)^': x^y G 5}), and HsS = (5), where 
o is defined as above. Identifying S with the set H\G of right cosets of H in G, we obtain 
a permutation representation G ^ Sym(5) ({^(^)(x)} = S riHxg,g G G,x GS and we 
adopt the convention that (r.i)(x) = i(r(x)), r,s G Sym(5)(x S S). Let Gy = Then 
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Gs depends only on the right quasigroup structure o on 5 and not on the subgroup H (see 
O). This group is called the group torsion of the right quasigroup (5, o) Q. It is easy 
to observe that (j) is injective on S and if we identify S with 0(5), then 0((5)) = GsS is 
a group which also depends only on the right quasigroup (5,o) and in which 5 is a right 
transversal of Gs- This group has some universal property (7) and is called the group 
extension of (5,o). Also (S) = HsS is a topological subgroup of G and GsS has quo¬ 
tient topological group structure in which Gs is closed (for Hs = 0^* (Gs) = H O {S) is 
closed in (5)) and 5 is a right transversal of Gs in GsS. We have two Tychonoff topolo¬ 
gies on S, viz. 7s, the subspace topology on S induced by the topology of GsS and T^, 
the quotient topology on S induced by the natural projection from GsS to S. Clearly Ts 
is finer than T^. Let Tcg denote the subspace topology on Gs (with respect to which 
it is a topological group) and the quotient topology on Gs induced by the natural 
projection from GsS to Gs- The topology need not be even a Ti topology (Exam¬ 
ple 2.3). Since (5, o) is a right quasigroup with identity, we have another map X-SxS^S 
given by 


X{x,y)ox = y. 

The binary operations o (and also x) not be continuous with respect to either of the 
topologies Ts and on S. For example take G = SO{n) and H = SO{n — 1) where n ^ 
{1,2,4,8}. The quotient space H\G is homeomorphic to 5”^*. There is aright transversal 
5 of 77 in G (see Example 2.3) such that Gs = H and GsS = G. Then (5, T^) is homeomor¬ 
phic to S"^ * with the usual topology. Since there is no continuous right (left) quasigroup 
structure on 5"^ * forn ^ {1,2,4,8} (0, o and X ^6 not continuous from (5 xS,T^ x T^) 
to (5, T^), where (5 x S,T^ x T^) is the product of (5, T^) with itself. Next, there is a 
choice of a right transversal of 5 in G (see Example 2.3 with H = R") for which Ts is 
non-homogeneous, and as such o: (5 x S,TsX Ts) (5, Ts) is not continuous. However, 
o and X continuous from (5 x S,TsX Ts) to (5, T^). 

The above discussion prompts us to have the following definition. 

DEFINITION 2.1. 

A quadruple (5, Ts,T^,o), where (5, o) is a right quasigroup with identity, Ts and T^ are 
two Tychonoff topologies with Ts 3 T^ and T^ homogeneous is called a topological right 
transversal if 

(i) o is continuous map from (5 x S,TsX Ts) to (5, T^), and also 

(ii) the map X- {S x S,Ts x Ts) {S, T^) defined by the equation x(x,y) ox = y, is con¬ 
tinuous. 


We shall say that a topological right transversal {S,Ts,T^,o) is proper if (5,o) is not 
a group. This terminology is justified (for such a right transversal in any group is always 
a proper transversal). Every choice of a right transversal of a closed subgroup 77 of a 
topological group G determines a topological right transversal. Trivially, an improper 
topological transversal (G, Tq, T^,o), where Tq is a discrete topology on G and T^ is any 
non-discrete homogeneous Tychonoff topology cannot arise as a right transversal in the 
above manner. Indeed, it comes from a topological right transversal if and only if Tg = T^. 

The following example says that even a proper topological right transversal need not 
arise as a right transversal of a closed subgroup in a topological group. 


Transversals in non-discrete groups 


431 


Example 2.2. For each sufficiently large odd n (n > lO^**) and m > 1, there is a central 
extension K of B{m,n) (the Burnside group of exponent n on a set containing m elements) 
by a cyclic group C„ of order n which admits no non-discrete topology (Theorem 31.5 
of 1101 1. Take G = K x D, where D is a finite group having a non-normal subgroup H of 
prime order p. Let T be a topology on G with respect to which it is a T\ -topological group. 
As observed earlier, the induced subspace topology on /T x {e} is the discrete topology 
(where e is the identity element in D). Since every discrete subgroup of a Ti topological 
group is closed (Theorem 5.10 of j6l|), K x {e} is a closed subgroup of G. But, then 
/T X {c/} is closed for each d G D. Since D is finite, this implies /T x {t/} is open for each 
d G D. Since x {c/} is open and discrete for all d G D, it follows that T is the discrete 
topology. This shows that G also does not admit any non-discrete Ti-topology. Let H be 
a non-normal subgroup of D of order p. Then there is a right transversal 5 of {e} x // in 
G which generates G and GsS = G (see Proposition 3.10 of Q). Thus GsS admits only 
discrete topology. Hence {S, Ts, o), where o is the binary operation induced on S with 
respect to which it is a right quasigroup, and arises from a topological group structure on 
GsS if and only if Ts = T^ is the discrete topology. Take any non-discrete homogeneous 
Tychonoff topology T^ on S (note that such a topology exists, viz. the topology induced 
by the topology of Q (by fixing a bijection between S and Q)), then {S, Ts, T^, o), where Ts 
is the discrete topology on S, is a topological right transversal. Observe that {S, Ts, T^, o) 
will not arise from any topological group structure on GsS (note that {S, Ts, T^, o) is a 
proper transversal). 

Example 2.3. Transversal structures on spheres in Hilbert spaces. Let H be a real Hilbert 
space with (,} as inner product structure. Let (9(H) denote the topological group of isome¬ 
tries of H. For the product in (9(H), we adopt the convention that {T\T 2 ){x) = 72(Ti (x)); 
T\,T 2 G (9(H) andx G H. Let 5® = {x G H; ||x|| = 1} denote the unit sphere in H (in the 
case ofH = R”, we denote it by 5" '). Fix a point eo G 5^. Let V = (eo)^ (the orthogonal 
complement of the subspace (eo) generated by eg) and(9(y) = {T G 0(H): T(eo) =eo}. 
Then 0{V) is a closed subgroup of (9(H). The topological group (9(H) acts transitively 
on 5** from right and the isotropy group at eg is 0{H)eg = 0(V). This gives us a bijective 
continuous map (j) from (9(y)\(9(H), the quotient space of right cosets of 0(V) in (9(H) 
to S^ given by ^(O(V)T) = T(eg). It is easy to observe that 0 is a homeomorphism. 

Let X G 5**. Define a map Rx'. H ^ H by 

J ilP en+x -I], ifx^—eo 

V 1^0+^ / 

—I, ifx = —eo 

where for a G H, denotes the projection of H onto Ra and J is defined by 

J{x) = {x,eg)eg-(x- {x,eg)eg) =2{x,eg)eg-x. 



Thus for any non-zero a G H, 


Pa(x) 


/ 

\ 'M/War 


xGH. 


Clearly the map Rx G (9(H). Also the map R: 5^ ^ (9(H) defined by P(x) = Rx is injective 
and is a set theoretic section (not continuous at —eo) of the quotient map ^. Thus the image 
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R[S^) = X G 5**} is a right transversal of OiV) = 0(H)eQ in <9(H). Identifying/?(5**) 
with 5** through the map R, we get a subspace topology T^u on S^. We observe that the 
usual subspace topology of 5** in H is same as the quotient topology on 5^ induced 
by the map (j). This gives us a topological right transversal structure (5**, , o) on 

5**. The right quasigroup structure o on is defined by 

j -l]{J{x)), ify^-eo 

xoy= / V J 

[ -X, iiy = -eo 

cH 

Since the section R is not continuous at —eo, the topology T^h is strictly finer than T 
and is not homogeneous. In fact {—eo} is an isolated point of (5**, T^h) and the subspace 
topologies on 5^\{—eo} induced by T^h and are same. Thus, is locally 

compact. It can also be seen that (9(H) is generated by 5** (more precisely /?(5®)) and the 
core of 0{V) in (9(H) is trivial. This implies that (see Proposition 3.10 of Q ) = 

(9(H). We also observe that the quotient topology induced by the projection map 
from to G^h is not a Ti-topology (for 5^ is not closed in G(H)). 


3. Transversals on locally compact Hausdorff spaces 
DEFINITION 3.1. 0. 

LetX be a locally compact Hausdorff space. Let G = Homeo)^) be the group of homeo- 
morphisms of X. Let K and W be closed and open subspaces of X respectively such that 
either K is compact or the complement of W in X is compact. Let {K,W) denote the set 
of all homeomorphisms of X which send K into W. The g-topology on G is the topology 
generated by the set as a subbase whose members are of the form {K,W). 

Theorem 3.2. Let {S,T,T,o) be a topological right transversal, where T is a locally 
compact Hausdorff topology on S. Then there exists a unique Hausdorff topological group 
containing {S, T, T, o) as a topological right transversal such that given any topologi¬ 
cal group G containing (S, T, T, o) as a right transversal, there exists a unique continuous 
homomorphism from G to G^ which is the identity map on S. 

Proof. Let {S, T, T, o) be a topological right transversal with T a locally compact Haus¬ 
dorff topology on S. Then the binary operation o and the map x defined hy xix,y) ox = y 
are continuous from (S x S,T x T) to {S,T). 5\{e} (e is the identity of {S, o)) being open 
subspace of S is also locally compact. Thus Homeo (5\{e}) is a topological group with 
respect to the g-topology (Theorem 3 of (J) ). Also the natural action 9: Sx Homeo(5) —> 5 
is continuous O. Hence 9\S x H^ = 9^, from S x H^ to S is also continuous, where 
H^ = {f G Homeo(5): /(e) = e}. Then {S,Hf offf) is a c-groupoid (see Definition 2.1 
and p. 78 of Q), where ff is the map from S x Sto H^ defined by 

f{x,y){z) =Xixoy,{zox)oy), x,y,zGS 
and the map cr' from S x H^ to W defined by (a^Xjh) is denoted by affh)), 

G^{h){y) = x{x9^h,{yox)9^h), x,yGS, h G Hf 
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Let = H^S be the general extension of by S determined by the c-groupoid 
iS,H\ a\f) (p. 79 of Cl). The product in is given by 

hx-ky = ha^{k)f^ {x9^k,y)x9^koy, 

and the inverse of hx is given by 

(hx)^* = {f^{x\x))^^G^{h^^)x9^'h^^, 

where h,k€ H\ x,y £ S and x' is the left inverse of x in (5, o) (p. 72 of O). We note that 
the subgroup {S) of generated by S is GsS. 

Now, we show that G^ is a topological group with respect to the product topology 
on //■* X S. The evaluation map {S x S) x S ^ S (defined by E{f^){{x,y),z) = 

f^{x,y){z)), being the compsosition of continuous maps {{x,y),z) (xoy^ (zox) oy) from 
{S X S) X S to S X S and is continuous. It follows (Theorem 3.1, p. 261 of |0) that 
/*: 5 X 5 —> is a continuous map. Consider the map 

I; 5 X H' H\ {x,h) <(/r). 

Again the evaluation map 

£(E): {SxH^)xS^ S, ((x,/r),y) ^ y0*aj(/r), 

being the composition of the continuous maps {{x,h),y) {x9^li, {yox)9^h) from {S x 

H^) X S to S X S and is continuous. It follows (Theorem 3.1, p. 261 of 0) that E is 
also continuous. Further, the map x x' {x' is the left inverse of x in S) from 5 to 5 being 
the composition of continuous maps x i—> {x,e) from S to S x {e} and j, is continuous. 
Using the continuity of the above maps, we find that the binary operation in G^ and the 
map g I—> from G^ to itself are continuous. Finally, we observe that induced subspace 

topology on S in G^ is the given topology on S and induced right quasigroup structure 
on the right transversal S of the closed subgroup in G^ is the given right quasigroup 
structure. 

Further, suppose that G is a topological group such that {S,T,T,o) is a topological 
right transversal of a closed subgroup H in G. Then the action 9 of H on S defined by 
{9{x,h)} = SCiHxh, wherex £ 5 and h€H, is continuous. As such it induces a continuous 
homomorphism q: H ^ Let 0: G —> G'^ be the map defined by (/)(ax) = q{a)x. Then 
0 is a group homomorphism (see Theorems 2.6 and 3.4 of (7|) which is the identity map 
on S. We also note that (j) is continuous. The uniqueness of (j) follows from Theorem 3.4 
in Q. □ 

COROLLARY 3.3. 

A triple (5, T, o), where [S, T) is a compact Hausdotffspace and {S,o) a right quasigroup 
with identity, can be embedded as a right transversal of a closed subgroup in a Hausdotff 
topological group if and only if the map o and the map % from S x S to S defined by 
X{x,y) ox = y are continuous. 

Proof Since a compact Hausdorff space is a minimal Tychonoff space, {S,T,T',o) is a 
topological right transversal if and only if T = T'. □ 

COROLLARY 3.4. 

5” = {.X £ R": ||x|| = 1} can be embedded (topologically) as a right transversal of a closed 
subgroup in a Hausdorff topological group if and only if n = 0,1,3,7. 
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Proof. Suppose that S" is embedded as a right transversal of a closed subgroup in a topo¬ 
logical group G. Then by Corollary 3.3, there exists a continuous binary operation o on 5" 
such that {S'\o) is a right quasigroup with identity and the map 5" x 5" ^ S" given by 
X((x,y)) ojc = y is continuous. By a well-known result due to Adams fll. « = 0.1.3 or 7. 
Conversely and are Lie groups with respect to real, complex and quarternionic 
multiplication respectively. Let o denote the Cayley multiplication on S’’. Then o is contin¬ 
uous such that (5^, o) is a right quasigroup with identity. Further the map X- S'^xS'^^S'^ 
satisfying ;if((.x,y))ox = yis given by ((x, y)) = y o * (note that Cayley multiplication 
satisfies (xoy^^)oy = xo (y^ * o y) = x and (y o z) ^ ^ o y^ ^ although the multiplica¬ 

tion is not associative) and so x is also continuous. The result now follows from Corol¬ 
lary 3.3. □ 

The following example shows that there exists a proper right transversal which does 
not admit any non-discrete locally compact Hausdorff topology. 

Example 3.5. Let K be an uncountable group which does not admit any non-discrete T\ 
topology making K a topological group (for existence, see p. 339 of Go) and CD). Take 
G = K X D, where D is a finite group having a non-normal subgroup H of prime order p. 
Let r be a topology on G with respect to which it is a G -topological group. Then as argued 
in Example 2.2, T is the discrete topology on G. Let Hhea non-normal subgroup of D of 
order p. Then {e} x // is a non-normal subgroup of G of order p. Let 5 be a transversal of 
{e} xH'mG which generates G. Then GsS = G. Thus GsS admits only discrete topology. 
Now, if S admits a non-discrete locally compact Hausdorff topology, then by Theorem 3.2, 
we get non-discrete locally compact Hausdorff topology on G = GsS. 


4. Transversals of subgroups (not necessarily closed) 

This section is devoted to the following problem. 

Problem 4.1. Consider a triple {S,T,o), where {S,T) is an infinite Tychonoff space and 
(5, o) a right quasigroup with identity. Can we embedd {S,o) as a right transversal of a 
subgroup in a topological group G so that the subspace topology on S is T1 

The answer to the above problem is in negative if we stick to the right transversals of 
closed subgroups (see Example 4.3). The following theorem answers the above problem 
affirmatively, provided we are satisfied with the right transversal of a subgroup (not nec¬ 
essarily closed) in a Hausdorff topological group. 

Theorem 4.2. Let {S,T) be a Tychonoff space. Then for any right quasigroup structure 
on S with e as the identity element, S becomes a right transversal to a subgroup H (not 
necessarily closed) in a Hausdorff topological group G such that (i) the induced right 
quasigroup structure on S is the given right quasigroup structure and (ii) the subspace 
topology induced on S in G is the given topology T and S is closed in G. 

Proof. Let (5,o) be a right quasigroup with e as the identity. Let G = E(5\{e}) be the 
free topological group on the subspace 5\{e} of 5 Q. Algebraically, T'(5\{e}) is simply 
a free group on 5\{e} O. We also know ID that 5\{e} is a closed subspace of G. 
Identifying 1 S G with e £ 5, it is possible to introduce a topology T on G which induces 
the given topology on S and in which S is closed 0. Let GsS be the group extension 
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of the right quasigroup S. Since GsS is generated by 5\{e}, there is a unique surjective 
homomorphism t] (say) from G to GsS whose restriction on S is the identity map on S. 
Thus GsS is a topological group with respect to the quotient topology (induced by T]) 
which need not be Hausdorff. The topology on S induced by the topology of GsS may 
be strictly coarser than the topology T on 5 (see Example 2.3). However, S can also be 
considered as a right transversal of a subgroup H = rj^^Gs) in G. If g G G,g 7 ^ 1, then 
rj{g)=hx for some h€Gs and x€S. Since 77 is surjective, there is k€H such that rj{k) = 
h and then r]{g)=hx=r]{k)rj{x) = 77 (kx). This shows that g = k'x for some k' G H. Also, 
if g = kixi = k 2 X 2 , where k\,k 2 GH and xi,X 2 G S, then rj(g) = rj(ki)xi — 77 {k 2 )x 2 - This 
means x\ = X 2 and hence ki = k 2 . One can also observe that the right quasigroup structure 
induced on the right transversal 5 of // in G is the same as the right quasigroup structure 
on S from which we started. □ 

Example 4.3. Consider the topological right transversal S discussed in Example 2.2. Let 
T be any non-discrete homogeneous Tychonoff topology. Then as in the notation of 
the above theorem, H — 77 ^*(G 5 ) is not closed as otherwise we get a non-discrete T\- 
topological group structure on GsS in which S becomes a topological right transversal of 
the closed subgroup Gs- This contradicts Example 2.2. 
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